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Abstract. This work is devoted to the study of deformations of hyperbolic cone structures 
under the assumption that the lengths of the singularity remain uniformly bounded over the 
deformation. Given a sequence (Mi,pi) of pointed hyperbolic cone-manifolds with topological 
type (M, E), where M is a closed, orientable and irreducible 3- manifold and S an embedded 
link in M. If the sequence Mi collapses and assuming that the lengths of the singularity remain 
uniformly bounded, we prove that M is either a Seifert fibered or a Sol manifold. We apply this 
result to a question stated by Thurston and to the study of convergent sequences of holonomies. 



1. Introduction 

Fixed a closed, orientable and irreducible 3-manifold M, this text focus deformations of 
hyperbolic cone structures on M which are singular along a fixed embedded link E = Si U . . . U E; 
in M . A hyperbolic cone structure with topological type (M, E) is a complete intrinsic metric on 
M (see section 2 for the definition) such that every non-singular point (i.e. every point in M — E) 
has a neighborhood isometric to an open set of H 3 , the hyperbolic space of dimension 3, and that 
every singular point (i.e. every point in E) has a neighborhood isometric to an open neighborhood 
of a singular point of H 3 (a), the space obtained by identifying the sides of a dihedral of angle 
a G (0, 2ir] in H 3 by a rotation about the axe of the dihedral. The angles a are called cone angles 
and they may vary from one connected component of E to the other. By convention, the complete 
structure on M — E is considered as a hyperbolic cone structure with topological type (M, E) and 
cone angles equal to zero. 

Unlike hyperbolic structures, which are rigid after Mostow, the hyperbolic cone structures can 
be deformed (cf. |HK2j ). The difficulty to understand these deformations lies in the possibility of 
degenerating the structure. In other words, the Hausdorff-Gromov limit of the deformation (see 
section 2 for the definition) is only an Alexandrov space which may have dimension strictly smaller 
than 3, although its curvature remains bounded from below by —1 (cf. |Koj| ) . In fact, the works 
of Kojima, Hodgson-Kerckhoff and Fuji (see |Koj| , |HK] and |Fuj| ) show that the degeneration of 
the hyperbolic cone structures occurs if and only if the singular link of these structures intersects 
itself over the deformation. 

When M is a hyperbolic manifold and E is a finite union of simple closed geodesies of M, it is 
know that M — E admits a complete hyperbolic structure (see |Koj| ). We are interested in studying 
the following question that was raised by W.Thuston in 80's: 
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Question 1.1. Let M be a closed and orientable hyperbolic manifold and suppose the existence of 
a simple closed geodesic E in M. Can the hyperbolic structure of M be deformed to the complete 
hyperbolic structure on M — E through a path M a of hyperbolic cone structures with topological 
type (M, E) and parametrized by the cone angles a € [0, 2ir]7 

When the deformation proposed by Thurston exists, it is a consequence of Thurston's hyperbolic 
Dchn surgery Theorem that the length of E must converge to zero. In particular, we have that 
the length of the singular link remains uniformly bounded over the deformation. Motivated by 
this fact, we are interested in studying the deformations of hyperbolic cone structures with this 
aditional hypothesis on the length of the singular link. This assumption is automatically verified 
when the holonomy representations of the hyperbolic cone structures are convergent. This happens 
(cf. [CSj L for example, when E is a small link in M. Note that this additional hypothesis avoids 
the undesirable case where the singularity becomes dense in the limiting Alexandrov space. 

In this paper, M, will always denote a sequence of hyperbolic cone-manifolds with topologi- 
cal type (M, E). Given points pi £ M i: suppose that the sequence (Mi,pi) converges (in the 
Hausdorff-Gromov sense) to a pointed Alexandrov space (Z, z ). Our goal is to understand the 
metric properties of the Alexandrov space Z and exploit them to obtain further topological infor- 
mation on the manifold M. To do this, we need the important notion of collapse for a sequence 
and a continuous deformation of hyperbolic cone-manifolds. 

Definition 1.2. We say that a sequence Mj of hyperbolic cone-manifolds with topological type 
(M , E) collapses if, for every sequence of points p,* G M — E, the sequence (pi) consisting of 

their Riemannian injectivity radii in M t — E converges to zero. Otherwise, we say that the sequence 
Mi does not collapse. 

When a convergent sequence of hyperbolic cone-manifolds does not collapse, the limit Alexandrov 
space must have dimension 3. In this case, several geometric techniques are known to study the 
topological type of M. On the collapsing case, however, most of the geometric information can be 
lost. This happens because the dimension of the limit Alexandrov space may be strictly smaller 



than 3 (see 3.4 1. Therefore, finding conditions that eliminate the possibility of collapse is very 
useful. 

Denote by £m; (Ej) the length of the connected component Ej of E in the hyperbolic cone- 
manifold M,. Using this notation, the principal result of this paper is the following one: 

Theorem 1.3. Let M be a closed, orientable and irreducible Z-manifold and let E = Ej U . . . U E; 
be an embedded link in M . Suppose the existence of a sequence Mi of hyperbolic cone-manifolds 
with topological type [M, E) and having cone angles otij € (0, 2n] . If 

(1.1) sup {£ Mi (Ej-) ; i E N and j € {1, ...,/}}< oo 

and the sequence Mi collapses, then M is Seifert fibered or a Sol manifold. 



question (1.1 1 



As a consequence of the theorem (1.3), we obtain the following result related to the Thurston's 



Corollary 1.4. Let M be a closed and orientable hyperbolic 3-manifold and suppose the existence 
of a finite union of simple closed geodesies E in M. Let M a be a (angle decreasing) deformation of 
this structure along a continuous path of hyperbolic cone-structures with topological type (M, E) 
and having the same cone angle a £ (8, 2tt] C [0, 2n] for all components of E. If 

(1.2) sup{£ Ma (Ej) ;ae(0,27r] and j E {1, . . . , I}} < oo, 
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then every convergent (in the Hausdorff-Gromov sense) sequence M ai , with oti converging to 6, 
does not collapses. 

If the deformation in the statement of the corollary is supposed to be maximal, we remind that 
9 = if and only if 9 < tt. This is a consequence of Kojima's work in |Koj| . 

2. Metric Geometry 

Given a metric space Z, the metric on Z will always be denoted by dz (•,•)■ The open ball 
of radius r > about a subset A of Z is going to be denoted by 

B z (A,r)= U {z G Z ; d z (z, a) < r} . 

aeA 

A metric space Z is called a length space (and its metric is called intrinsic) when the distance 
between every pair of points in Z is given by the infimum of the lengths of all rectificable curves 
connecting them. When a minimizing geodesic between every pair of points exists, we say that Z 
is complete. 

For all k G K, denote the complete and simply connected two dimensional Riemannian 
manifold of constant sectional curvature equal to k. Given a triple of points (x ; y, z) of Z, a 
comparison triangle for the triple is nothing but a geodesic triangle Aft (x, y, z) in with vertices 
x, y and z such that 

du 2 k (x, y) = d z (x, y) , d M 2 (y, z) = d z (y, z) and d M 2 (z, x) = d z (z, x) . 

Note that a comparison triangle always exists when k < 0. The k-angle of the triple (x ; y, z) is, 
by definition, the angle Zk {% \ y, z) of a comparison triangle A& (x, y, z) at the vertex x (assuming 
the triangle exists). 

Definition 2.1. A finite dimensional (in the Hausdorff sense) length space Z is called an Alexandrov 
space of curvature not smaller than k G K if every point has a neighborhood U such that, for all 
points x,y,z € U, the angles (x ; y, z), Zk (y ; x, z) and Zk (z ; x, y) are well defined and satisfy 

Zk (x ; y,z) + Zk (y ; x,z) + Z k (z ; x, y) < 2tt. 

We point out that every hyperbolic cone- manifold is an Alexandrov space of curvature not smaller 
than — 1. 

Suppose from now on that Z is a n dimensional Alexandrov space of curvature not smaller than 
k G M. Consider z € Z and A € (0, tt). The point z is said to be X-strained if there exists a set 
{(<ij, bj,) G Z x Z ; i G {1, . . . , u}}, called a A-strainer at z, such that (a; ; ctj, 6j) > 7r — A and 

f 7T TT TT "I 

max | Z fc (x ; Oi, a 3 -) - - , Z fe (x ; h, bj) - - , Z k (x ; a i: bj) - - | <A 

for all i ^ j 6 {1, . . . , n}. The set i?^ (Z) of A-strained points of Z is called the set o/ X-regular 
points of Z. It is a remarkable fact that Rs (Z) is an open and dense subset of Z. 
Recall now, the notion of (pointed) Hausdorff-Gromov convergence (see |BBI| ): 

Definition 2.2. Let (Zj,^) be a sequence of pointed metric spaces. We say that the sequence 
(Zj, Zi) converges in the (pointed) Hausdorff-Gromov sense to a pointed metric space (Z, zq), if the 
following holds: For every r > e > 0, there exist i £N and a sequence of (may be non continuous) 
maps fi : Bz t [zi, r) —> Z (i > i$) such that 
i- fi (zi) = z , 

ii. sup {d z > (fi (zi) ,fi (z 2 )) - d z (z 1 ,z 2 ) ; z 1 ,z 2 eZ}<e, 
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iii. B z (z , r - e) c B z (fi (B Zi (z i} r)) , e), 

iv. fi(B Zi {z u r)) C S z (z ,r + e). 

Its a fundamental fact that the class of Alexandrov spaces of curvature not smaller than k € 
R is pre-compact with respect to the notion of convergence in the Hausdorff-Gromov sense. In 
particular, every pointed sequence of hyperbolic cone-manifolds with constant topological type has 
a subsequence converging (in the Hausdorff-Gromov sense) to a pointed Alexandrov space which 
may have dimension strictly smaller than 3, although its curvature remains bounded from below 
by -1. 

The Fibration Theorem is an useful tool for the study of sequences of Alexandrov spaces. The 
first version of this theorem, due to Fukaya (see [Fukj ) . concerns the Riemannian manifolds with 
pinched curvature. Later this theorem was extended by Takao Yamaguchi to Alexandrov Spaces 
(see (Yarn], |SY| and [Bel] ) . For the convenience of the reader, we present here the precise statement 
of the Yamaguchi theorem that is going to be needed in this work (see [Bar]): 

Theorem 2.3 (Yamaguchi). Let (Mi,pi) be a sequence of pointed complete Riemannian mani- 
folds of dimension 3 with sectional curvature bounded from below by — 1. Suppose that the sequence 
(Mi, pi) converges in the Hausdorff-Gromov sense to a pointed complete length space (Z,z) of di- 
mension 2 (resp. dimension 1 ), then there exists a constant A > satisfying the following condition: 
For every compact domain Y of Z contained in R\ (Z) and for sufficiently large Iq = io (Y) G N , 
there exist 

• a sequence Tj > (i > i a ) converging to zero, 

• a sequence Mi (i > i ) of compact 3-submanifolds of Mi (perhaps with boundary) 

• a sequence of t,— approximations p : A/j — > Y which induces a structure of locally trivial fibre 
bundle on Mi- Furthermore, the fibers of this fibration are circles (resp. spheres, tori). 



3. Sequences of Hyperbolic cone-manifolds 

Recall that M denotes a closed, orient able and irreducible differential manifold of dimension 
3 and that E = SiU. . .US; denotes an embedded link in M. A sequence of hyperbolic cone-manifolds 
with topological type (M, E) will always be denoted by Mi. 

Given a sequence Mj as above, fix indices ieN and j £ {1, . . . , I}. For sufficiently small radius 
R > 0, the metric neighborhood 

B Mi (T, h R) = {x£ Mi ; d Mi (x, Ej) < R} 

of S is a solid torus embedded in Mi. The supremum of the radius R > satisfying the above 
property will be called normal injectivity radius of in Mi and it is going to be denoted by Ri 
Analogously we can define Ri (S), the normal injectivity radius of S. It is a remarkable fact (see 
I Fuj| and |HKj ) that the existence of a uniform lower bound for Ri (E) ensures the existence of a 
sequence of points pi k € M such that the sequence (Mi k ,p ik ) converges in the Hausdorff-Gromov 
sense to a pointed hyperbolic cone-manifold (AfocPoo) with topological type (M, E). Moreover, 
Moo must be compact provides that cone angles of M ik are uniformly bounded from below. 



The purpose of this section is to prove the Theorem ( 1.3 1. This section is divided into two parts. 
The first part contains some preliminary results whereas the remaining one presents the proof of 
the theorem. 

Let us point out that, throughout the rest of the paper, the term "component" is going to stand 
for "connected component" 
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3.1. Preliminary results. Let us begin with three elementary lemmas which will be important 



for the proof of Theorem ( 1.3 1 



Lemma 3.1. Suppose that M — E is hyperbolic and let T be a two dimensional torus embedded in 
M — E. Then T separates M . Moreover, one and only one of the following statements holds: 

i. T is parallel to a component of E (hence it bounds a solid torus in M ), 

ii. T is not parallel to a component o/E and it bounds a solid torus in M — E, 

iii. T is not parallel to a component of Ti and it is contained in a ball B o/M— E. Furthermore, 
T bounds a region in B which is homeomorphic to the exterior of a knot in S 3 . 

Proof. Suppose that T is not parallel to a connected component of E. Since M — E is hyperbolic, 
T is compressible in M — E and hence it splits M into two components, say U and V . Denote by 
£[/ and by Ey the subsets of E contained respectively in U and in V . Without loss of generality 
suppose S[/ 7^ 0. 

Let I? be a compression disk for T. Since M — E is irreducible and Ej/ ^ 0, the sphere obtained 
by the compression of T along D bounds a ball B C M— E in the opposite side of Ey . In particular, 
this implies that Ey = 0, since Ey and Ey lie in different sides of S, by construction. Thus V 
must satisfy one of the assertions (ii) or (iii) according to whether D c V or D C U. □ 

Lemma 3.2. Given a closed ball BcM-S and an embedded two dimensional torus T C B, let 
U and W be the compact three manifolds (with toral boundary) obtained by surgery of M along T 
(suppose W C B). If W is homeomorphic to the exterior of a knot in S 3 , then we can replace W 
by a solid torus V without changing the topological type of M . 

Proof. Let B' be a closed ball and h : dB — > dB' a diffeomorphism such that B B' , the 
manifold obtained by gluing B and B' through h, is diffeomorphic to S 3 . Note that the manifold 
V = (U n B) U/i B' is a closed solid torus. Let V be a closed solid torus and g : dV — > dV 
a diffeomorphism such that V U g V, the manifold obtained by gluing V and V through g, is 
diffeomorphic to S 3 . Thus the compact three manifold B = (V U g V) - int (B 1 ) = (U n B) U g V is 
diffeomorphic to a closed ball. 

It is a standard result of low dimensional topology that the manifold 

(M - int (B)) U Jd B = (M - W) U 3 V 

obtained by using Id : dB — > dB as gluing map, is diffeomorphic to M. □ 

Lemma 3.3. Consider e € (0, 1) and let M. be a hyperbolic cone-manifold with topological type 
[M, E) together with a metric neighborhood V of ' E whose components are homeomorphic to solid 
tori. Denote by g the hyperbolic metric on Ai — E and let h be a Riemannian metric on M such 
that: 

i. h coincides with g on M. — V , 

ii. h is a e -perturbation of g on M — E, i.e. 



(3.1) IMI 



< e, 



for every ieM-E and v E K x = (u E T x (M - E) ; ||u|| fl < 2 j. 

Then the Hausdorff-Gromov distance between M. and the Riemannian manifold J\f = (M,h) is 
smaller than 4eD, where D = 1 + diarriM (M). 



6 



ALEXANDRE PAIVA BARRETO 



Proof. To prove the lemma, it suffices to check that the identity map Id : M. — > Af is a 2eD-isometry. 
Fix x,y G M. Since E has codimension 2, there exists a differentiable curve a : [Q,L] — > M 
(parametrized by arc length in A4) such that a ((0, L)) C Al — E and L < d_M (x, y) + §. Then 

e 
2 



djV (a, ~ e?A4 y) < C-N (") - £m (a) 

/ IK(t)ll fl -IK(*)IU 



< e.d M (x, y) + — + - < eD 



and, in particular, diamjs/ (M) < 2D. 

Similarly, there exists a differentiable curve (3 : [0, L'\ — > 
in TV) such that /3((0,i')) C TV - S and L' < d^ (x,y) + 
{u eT 2 (W-E) ; h z (u, u) = 1} C for all z e TV - S. So 



A/" (parametrized by arc length 
|. Inequality (3.1) implies that 



I/?' ML- 11/3' toll 



< e, 



for all t E [0,L']. Analogously to the preceding case it then follows that d_M (x,y) — dj^ (x,y) < 
2sD. □ 



3.2. Proof of the Theorem (1.3). 



The purpose of this section is to study a collapsing 



sequence M<. According to |Fuj| theorem 1], the sequence Mi cannot collapse when lim Ri (S,-) = 

i— >oo 

oo, for all components of S. Given p € Si, we can assume without loss of generality that 
sup{i?i (Si) ; z € N} < oo and that the sequence (Mi,p) converges in the Hausdorff-Gromov sense 
to a pointed Alexandrov space (Z,z ). We are interested in the case where the length of the 
singularity remains uniformly bounded, i.e. where 

sup {C Mi (Sj) ; i G N , j G {1, ...,/}}< oo. 

Again an Ascoli-type argument implies (passing to a subsequence if necessary) that each component 
S 3 of S satisfies one, and only one, of the following statements: 

(1) sup {gJm; (p, Sj) ; i G N} < oo and Ej converges in the Hausdorff-Gromov sense to a closed 
curve Sj C Z, 

(2) lim dM* (p, S,) = oo. 

This dichotomy allows us to write S = S U S^ , where S contains the components Sj of S which 
satisfies item (1) (in particular Si C So) and Sqo those that satisfies the item (2). Now consider 
the compact set 

s z = u sfcz. 

SjCSo 

The following proposition provides information on the dimension of the limit of a sequence of 
hyperbolic cone-manifolds which collapses. 

Lemma 3.4. Given a sequence pi £ M, suppose that the sequence (Mi,pi) converges in the 
Hausdorff-Gromov sense to a pointed Alexandrov space (Z,zq). If the sequence Mi collapses and 
verifies 

sup {C Ui (Sj) ; i G N , j G {1, . . . , I}} < oo, 
then the dimension of Z is strictly smaller than 3. 
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Proof. We can assume that there exists z^ G Z — since the equality £z = ^ can only happens 
when the dimension of Z is strictly smaller than 3. Set S = dz (zoo, £z) > and take a sequence 
qi 6M-E such that 

liin % = Zoo and B Mi n f S ' ^ 

By definition, the sequence (Mi, qi) converges in the Hausdorff- Gromov sense to (Z, z^). Since the 
sequence Mi collapses, we have lim r, *■ (qi) = 0. 

According to |HK[ Lemma 3.8] we can change the metrics of Mi on Bui (£,§)—£ to obtain a 
sequence of complete Riemannian manifolds Ni homeomorphic to M — £ which have finite volume 
and pinched sectional curvature. Without loss of generality, we can assume that the sequence (Ni, qi) 
converges in the Hausdorff- Gromov sense to a pointed Alexandrov space (Y, y^). Note that, by 
construction, the balls B^. (q i: and Bj^ t (qi, |) are isometric. Then the balls By (l/ooi f ) an d 
Bz ( z oc, I) are also isometric and we have lim r^- (qi) = 0. 

According to |Gro[ Corollary 8.39], Bz (z^, |) has Hausdorff dimension strictly smaller than 3. 
Given that the dimension of an Alexandrov space is a well-defined integer, it follows that Z also 
has dimension strictly smaller than 3. □ 

The preceding lemma says that the only possibilities for the dimension of Z are 2, f or 0. The 



proof of Theorem (1.3 1 will accordingly be split in three cases. 



3.2.1. Case where Z has dimension 2. It is a classical result of metric geometry that all two dimen- 
sional Alexandrov spaces are topological manifolds of dimension 2, possibly with boundary. We can 
describe the boundary of Z as 

dz = u az k 

where dZk are the connected components of dZ. Note that each component dZk is homeomorphic 
to a circle or to a straight line. 

Theorem 3.5 (collapsing - dimension 2). Suppose the existence of a point p € £i such that the se- 
quence (Mi,p) converges (in the Hausdorff- Gromov sense) to a two dimensional pointed Alexandrov 
space (Z,zq) and also that sup{i?i (£i) ; i G N} < oo. Assuming that 

sup {£ Mi (£,■) ; i G N , j G {1, ...,/}}< oo, 

it follows that: 

i. M is Seifert fibered, 

ii. if dZ ^ 0, then dZ has only one connected component and M is a lens space, 

iii. if Z is not compact, then limi?^ (£j) = oo, for any component £j o/£oo. 



Proof. According to |Salj , the metric of hyperbolic cone-manifolds Mi in some small neighborhoods 
of £ can be deformed to yield a sequence of complete Riemannian manifolds N (homeomorphic 



to M) with sectional curvature not smaller than —1. Furthermore thanks to Lemma (3.3), we can 
suppose that the sequence (N,p) converges (in the Hausdorff- Gromov sense) to (Z,zq). 

If Z is compact, the statement follows directly from the results of Shioya and Yamaguchi in 
[SYj . To be more precise, when Z does not have boundary, |SY1 Theorem 0.2] applied to the 
sequence Ni gives that M is Seifert fibered. When Z has boundary, }SY( Corollary 0.4] applied 
to the sequence Ni implies (M is irreducible) that Z is a closed disk with at most one cone in its 
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interior. Furthermore, |SY[ Theorem 0.3] implies that M is a lens space (in particular it is also 
Scifcrt fibered). 

Suppose from now on that Z is not compact. Since the normal injectivity radius of components 
of Eo are uniformly bounded, there exists R > such that 

B Mi (Ej.ifc c B Mi (p,R/2) 

for all i G N and for every component Sj C So- Let K be a, compact and connected two dimensional 
submanifold of Z such that Bz (z ,R) C K (therefore Yiz C K), dK is a disjoint union of circles 
and Z — K is a disjoint union of components of infinite diameter. 
Set A = {k € T ; dZ k niC^I}. If dZ ^ 0, we assume also that: 

• A ^ 0, that is K n dZ ^ 0, 

• SZ/j n X = <9Zfc, for all fc € A such that the component dZ k is compact, 

• SZ/j n K is connected, for all k E A. 

For each fc € A, denote by <9-?Tfc the (unique by construction) connected component of dK such 
that dZ k H <9-ftffc 7^ 0. The boundary of K is given by 

dK= \_\dK k U u dif m , 
feeA mer-A 

where i9-fC m are the components of 9if which does not intersect the boundary of Z . 

Let A be the constant given by the Fibration Theorem (2.3 1. Since K is compact, the sets of 
A-cone-points 

C = {z e K - dZ ; C (T Z Z) < 2tt - A} 

C k = {zedZ k r\K ; C (T Z Z) < n - A} C dK k (k E A) 

are finite (cf. |SY[ Theorem 2.1]). Modulo increasing K, we can assume that C is contained in its 
interior. Let si 3> s 2 > be such that 

• i?x [z, s\] C mt (if) and Bk [z, s%] is homcomorphic to D 2 , for all zeC, 

• [z, si\ n [V, si] = 0, for all z, z' E C U (J C k , 

feeA 

• For all z E C U (J C k and for all A: E A, we have 

fceA 

B k (dK k ,s 2 )r\B K (z,8 1 )?Q if and only if z E C k . 
Consider the compact subset Y of Z defined by 

Y = K- []B K (z, Sl )- \jU k C Rx (Z) , 

zee fceA 

where U k = B^ (dZ k , s 2 ) U U ^if ( z i s i)i f° r every A: e A. The boundary of Y is given by 

zec k 

(3.2) ay = u dr k u u ay u y 

fceA zee mer-A 

where dY k and 9Yj are the components of dY which intersect respectively the regions U k and 
B K (z,si). 

Without loss of generality, the Fibration Theorem (2.3) gives us a sequence Mi of compact and 
connected three dimensional submanifolds of M, a sequence r, > that converges to zero and 
a sequence of -^-approximations pi : Mi — > Y which induces a structure of locally trivial circle 
bundle on Mi. Since the manifold M is orientable, it follows that the connected components of 
dMi = p^ 1 (dY) are two dimensional tori. 
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Let C be a component of dY and T the component of dMi associated with it (Tj = p^ 1 (C)). 
By construction, we can choose base points qi £ T and q € C such that the pointed components 
(Bi, qi) of Ni~int (Mi) associated with the torus T (dBi — Ti), converges in the Hausdorff-Gromov 
sense to the pointed component (B, q) of Z — int (Y) associated to C (dB — C). 




Figure 1. 



The above paragraph shows that the bijection between the boundary components of Z — Y and 
those of Ni — Mi induces a bijection between the components of Z — Y and those of Ni — Mi. 
Moreover, the diameter of the components of N — Mi associated with a component B of Z — Y 
goes to infinity if and only if B is noncompact. 

Without loss of generality, we can suppose that Sqo C Ni — Mi, for all i E N. It follows from 



lemma (3.1 ) that the singular components of 2Vj — Mi arc solid tori whose souls are components of 
Eoo. Moreover, as the boundary components of Mi remain a finite distance from the base point, 
the normal injectivity radii of the components of Eqo became infinite with i. Note that this implies 
that the singular components of N —Mi must be associated with noncompact components of Z — Y . 

Lemma 3.6. There exists io G N such that, for every i > io, the components of Ni — Ni are 
homeomorphic to either a solid torus or to the exterior of a knot in S 3 which, in addition, is 
contained in an embedded ball in M — S. 

Proof of Lemma |3.6| : A boundary torus of N — M has 3 possible natures according to the 



decomposition (3.2) of dY. We shall consider separately each of there possibilities. 



1 st type : The torus Tf = pr 1 (dY z ) cdN t , z eC. 

Consider a point z G C. By rescaling the metric with respect to the length of the fibers and 
using the stability theorem of Perelman (cf. Kap ) , Shioya and Yamaguchi show in |SY1 theorem 
0.2] that the region Bf of Ni — Mi bounded by the torus Tf is a solid torus, for sufficiently large i. 
Furthermore, the solid torus Bf is glued on Mi without "killing" the fiber. 
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Figure 2. Tori of second type 



2 nd type: The torus Tf = p" 1 (dY k ) C dN h k G A. 

Given an index k G A, we can decompose the component dYk in two simple arcs a and j3 with 
the same ends, say P and Q, and such that a — Uk l~l <9Yfc. Note that a = SY^ and /? is reduced to 
a single point (in particular P = Q) when dZk is compact. 

Let B\ be the region of iVj — A/i bounded by the torus T*. Using the same techniques, |SY1 
Theorem 0.3] shows that we can choose, for sufficiently large i, a region B\ a inside B\ which is 
homeomorphic to a x D 2 . Moreover: 

• the sequence formed by the regions Bf a converges in the Hausdorff-Gromov sense to the 
region U k , 

• the circle {z} x 3D 2 is a fiber of the Seifert fibration on the boundary of A/i, for every z E a. 

Then, for sufficiently large i, the regions B\ are homeomorphic to solid tori provided that dZ\~ is 
compact. Suppose now that dZ k is not compact. 

Let Df and D? be the disks of B\ a which are glued respectively on the fibers p i 1 (P) and 
p" 1 (Q). The fibers above j3 together with the disks Df and Df yield an embedded sphere in 
Ni — S. This sphere splits N+ into two regions: the region B^ — Bj? — int (Bf a ^j and the region 

Ni — int (b^j which contain the singular set So 0- Since the manifold Ni — S is irreducible, 

the region B^ must be homeomorphic to a ball and therefore, for sufficiently large i, the region 
B\ — B\ a U £?j is homeomorphic to a solid torus. 



3 th type: The torus T™ = p^ 1 (dK m ) C ON,, m e F - A. 

Given an index m G T — A, let B™ 1 be the region of Ni — Ni bounded by the torus T/\ Since 
Bz (zq,R) C K, the torus T™ is contained in M — E and cannot be parallel to a component of 
So. According to Lemma (3.1), the region B™ is homeomorphic either to a solid torus (possibly 
having a component of Eqo as its soul) or to the exterior of a knot in S 3 which is contained in an 
embedded ball in M — S. o 
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Fix from now on a index i > Iq. According to Lemma (3.2 1, the preceding claim shows that all 
components of N% — A/i can be supposed to be homeomorphic to solid tori. 

Let Wi be the three manifold obtained by the union of A/i with all torus components of Ni — A/i 
which are glued to the boundary of A/j without "killing" the fibers of the Seifert fibration. For 
example, B? C W l and B* C iV, - Wj, for all z G C and k G A. 

The Seifert fibration on A/i (with base Y) naturally extends to a Seifert fibration on all off Wj . 
Moreover, the underlying space of its basis is the topological surface y obtained by gluing disks on 
the components of dY associated with the components of W% — A/i- If Wi = N (so that dy = 0), 
the manifold M is Seifert fibered and dZ = 0. Thus let us assume from now on that Wi ^ Ni (so 
that dy t^0 and 8W l ^ 0). 

Suppose the existence of an essential arc 7 properly immersed in y. Then the fibration above 
7 provides an essential annulus embedded in Wi. Since all the components of N% — Wi are solid 
torus that are glued to <9Wi so as to "kill" the fibers of the Seifert fibration, this essential annulus 
becomes an essential sphere in JVi. This is impossible since M is irreducible. Therefore y has 
non-negative Euler characteristic, it has exactly one boundary component and it contains at most 
one interior cone point. In particular, it follows that Z has at most one boundary component 
and at most one interior cone point. In fact, if Z has two or more interior cone points (boundary 
components), then the compact K can be chosen so as to contains more than one interior cone 
points (boundary components) and this would contradict to the non existence of a second interior 
cone point (boundary components) in y. 

Because y is compact, the discussion above implies that y is homeomorphic to a disk D 2 . So 
Wi is homeomorphic to a solid torus and thus that M is a lens space. □ 

3.2.2. Case where Z has dimension 1. It is also a standard result of metric geometry that all 
one dimensional Alexandrov spaces are topological manifolds of dimension 1. Precisely, they are 
homeomorphic to on of the following models: S , [0,1], [0, 00) or (—00,00). 

Theorem 3.7 (collapsing - dimension 1). Suppose the existence of a point p G Si such that the se- 
quence (Mi,p) converges (in the Hausdorff-Gromov sense) to a one dimensional pointed Alexandrov 
space (Z,zq) and also that sup {Ri (Si) ; i € N} < 00. Assuming that 

sup {£ Mz (Sj) ; i e N , j e {l, ...,/}}< oo, 

it follows that: 

i. Z is homeomorphic to S 1 and M is a euclidean, Nil or Sol manifold, 

ii. Z is homeomorphic to [0, 1] and M is a lens space or a euclidean, Nil, Sol or prism 
manifold, 

iii. Z is homeomorphic to [0, 00) or (—00,00), M is a lens space or prism manifold and 
lirn Ri (Sj) = 00, for every component Sj of Sqo. 

Proof. If Z is compact (i.e. homeomorphic to S* 1 or [0, 1]), then the assertions above follow directly 
from the results of Shioya and Yamaguchi in |SYj . To be more precise, when Z is homeomorphic 
to S 1 , the irreducibility of M implies that it is an euclidean, Nil or Sol manifold (see remark before 
Theorem 0.5 and table 1 of (S Y] ) . When Z is homeomorphic to [0, 1], the irreducibility of M implies 
that it is a lens space or a euclidean, Nil, Sol or prism manifold (cf. |SY[ table 1]). 

Suppose from now on that Z is not compact, i.e. that it is homeomorphic to [0, 00) or (—00, 00). 
According to Sal , the metric of hyperbolic cone-manifolds Mi on some small neighborhoods of S 
can be deformed to yield a sequence of complete Riemannian manifolds Ni (homeomorphic to M) 
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with sectional curvature not smaller than — 1. Furthermore thanks to Lemma ( |3.3[ ), we can suppose 
that the sequence (Ni,p) converges (in the Hausdorff-Gromov sense) to (Z, zq). 
Since sup {Ri (Ej) ; % G N , Ej G E } < oo, there exists R > such that 

% ( (Ej.ifc (Ei)) C B Mi (p,R/2) 

for all i G N and for every component Ej of Eo. Consider a compact X of Z which is homcomorphic 
to [0, 1] and contains Bz (zq, R) U dZ. 



Let A be the constant given by the Fibration Theorem (2.3) and set Y = K — U, where U is 



empty or a small open neighborhood of dZ according to whether or not the boundary of Z is empty. 



Without loss of generality, the Fibration Theorem (2.3) gives us a sequence Mi of compact and 
connected three dimensional submanifolds of M, a sequence r, > that converges to zero and a 
sequence of Tj-approximations pi : Mi — > Y which induces a structure of locally trivial bundle on 
Mi whose fibers are either two dimensional spheres or tori. 

Lemma 3.8. The fibers of pi : Mi —> Y are tori. 



Proof of Lemma (3.8) : Since the fibers are either spheres or tori, it suffices to nule out the first 
possibility. Looking for a contradiction, let us suppose that the fibers are spheres. Given Z\ G Z — B 
and a positive constant S <C diamz (K), consider a sequence of points q t G Ni — E converging (in 
the Hausdorff-Gromov sense) to z\ and such that oIrg fe 5 zi) < 8 for all i G N. 



Claim : There exists io G N such that, for every i > Iq, we can find a homotopically nontrivial 
loop (in M — Tt) ji based on Qi whose length does not exceed 6. 

Proof of Claim : Consider the loops based on qi which are constituted by two minimizing geodesic 
segments with same ends and having equal lengths bounded by | . Note that these loops are always 
homotopically nontrivial. 

To say that a point qi is not a base point for a loop as above is equivalent to say that its injectivity 
radius not less than |. This is a contradiction with the collapsing assumption and therefore the 
claim follows. o 



Now fix i > io- Consider a boundary sphere of Mi associates with an unbounded component of 
Z — K. By construction, this sphere separates M in two components: one of these components 
contains the singular link E ^ (recall that Ei C S by hypothesis) and the other contains a 
homotopically nontrivial loop as in the claim. Since M — E is irreducible, this cannot happen and 
therefore the fibers must be solid tori. This establishes the lemma. 

As in the two dimensional case, the component(s) of Ni — Mi associated with unbounded compo- 
nents of Z — Y are solid tori. When Z is homeomorphic to [0, oo), Shioya and Yamaguchi showed 
(see |SY[ Theorem 0.5 and Table 1]) that the component of Ni — Mi associated with the bounded 
component of Z — Y is homeomorphic to either a solid torus or to MoxS 1 . It follows that being 
irreducible M is according homeomorphic to a lens space or a prism manifold. □ 

3.2.3. Case where Z has dimension 0. This case was treated in jSYj . For the convenience of the 
reader, we state here their result: 

Theorem 3.9 (collapsing - dimension 0). Suppose the existence of a point p G Ei such that the 
sequence (Mi,p) converges (in the Hausdorff-Gromov sense) to a zero dimensional pointed Alexan- 
drov space (Z,zo) and also that sup{Ri (Si) ; i G N} < oo. Then M is an euclidean, spherical or 
Nil manifold. 



DEFORMATIONS OF HYPERBOLIC CONE-STRUCTURES 



13 



4. Applications 



4.1. Proof of Corollary (1.4) 



Proof. Let M a . be a convergent sequence as in the statement of the corollary. Since M is a 
hyperbolic manifold, it is not Scifert fibered or a Sol manifold. Therefore, in the presence of the 



hypothesis (1.2), is a consequence of the Theorem ( 1.3 ) that the sequence M ai cannot collapses. □ 



4.2. Volume of Representations. Recall that M denotes a closed, orientable (not necessar- 
ily irreducible) differential manifold of dimension 3 and that E = Ei U . . . U E& denotes an embedded 
link in M. Let us recall the definition of the volume of representations and some of its properties. 
For the interested reader, we refer to |Fra| and |Dun] for details. 

Let U — U% U . . . U Uk be an open neighborhood of E, where each U; L is a neighborhood of Ej 
homeomorphic to a solid torus. Consider product structures (T 2 x [0,00))^ on the open sets U{ = 

Ui — E called cuspidal ends of M — E. We will denote the universal cover of M — E by tt : M — E — > 
M — E. The connected components of n^ 1 (Ui) are denoted by Vij « (tt -1 (T 2 ) x [0, 00)) . 

Definition 4.1. Given a representation p : Tr%(M — E) — >• PSL2 (C), a positive piecewise differen- 
tiable map d : E — ► M — HI 3 is called a pseudo-developing map for p if it verify: 

i. (equivariance) do 7 = p (7) o d, for all 7 € 7Ti(-M — E) 

ii. There is r a € [0, 00) such that, for every (p, Tq)^ € V^ , the curve 

3T3 



i e [r a ,oo) 1 — >■ d f (p,*) y ) 



is a geodesic of H 3 parameterized by arc length. In addition, there are points Qj G 9H 3 
(depending only on the indexes i and j), such that 



Hmd((j>,%) =C y G9H 3 . 



Given a pseudo-develloping map for p, let be the unique differential form of degree 3 on M — E 
verifying 

ir* uj d = d*V m a, 

where Vjj3 denotes the volume form of H 3 . The volume of p is defined by 



VoIm-t. (p) = Ud= d*V n z < 00 

JM-Y, JR 



'M-X JR 

where R C M — E is a fundamental region for the action of tt\ (M — E) on M — E. 

Given a representation p : Tti(M — E) PSL2 (C), note that a pseudo-developing map for p 
always exists. Moreover, the volume of p does not depend on the chosen pseudo-developing map. 
The following result presents some properties of the volume function 

VoIm-h ■ R[M — E) — > M+, 
where R(M — E) denotes the set of all representations of 7Ti(M — E) in PSL2 (C) with its canonical 
structure of algebraic variety. 

Proposition 4.2. The function VoIm-h is continuous and verifies the following properties: 

i. VoIms (p) — 0, for any reducible representation p g R(M — E). Recall that a representa- 
tion p £ R(M — E) is called reducible if the group p(iri (M — £)) C PSL2(C) fixes a point 
in dH 3 , 
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ii. The function VoIms factorizes to the quotient R (M — £) /PSL2 (C). That is, 

Vol M -T,(p) = Vol M _ s (A.p), 

for every representation p E R(M — E) and every element A E PSL>2(C). 

iii. Consider a closed, orientablc, differentiable manifold N of dimension 3. Let f2 be an em- 
bedded link in N. If / : (N, ft) -> (M, E) is a diffeomorphism, then 

VoI M -y,(p) = Vol N -n (po/,), 

for every representation p E R (M — E). 

The following propositions recall two essential properties of the volume function. The first 
concerns the operation of Dehn filling. The second one establishes the relationship between the 
Riemannian volume of a hyperbolic cone-manifold and the volume of its holonomy. 

Proposition 4.3. Given a compact, orientablc, differentiable 3-manifold W with tori boundary, let 
M be a closed 3-manifold obtained from W by Dehn filling on its tori boundary components. For 
every representation p E R(M) we have that 

VoIm(p) = VoIm-s (p°i*), 

where E denotes the union of souls cores of the tori added to W and 

i* : 7Ti (M — E) — > 7Ti (M) 

is the canonical map induced by the inclusion i : M — E <— > M. 

Proposition A A. Let be a hyperbolic cone-manifold with topological type (M, E). If pm € 
i?(M — E) is a holonomy representation for A4, then 

yoZ(M-£) = yoZ M -s(PA<), 
where Vol(M — E) is the Riemannian volume of M — E. 

Suppose from now on that M is irreducible. Given a sequence M, of hyperbolic cone-manifolds 
with topological type (Af, E), let pi be an associated sequence of holonomy representations. Suppose 
also that the sequence pi converges to a representation p x E R (M — E). 

As a consequence of the above propositions, we have two applications of the Theorem (1.3) 
concerning the volume of holonomy representations of a hyperbolic cone-manifold. 

Corollary 4.5. If VoIm-t. (Poo) = (hi particular, if p^ is reducible), then M is Seifert fibered or 
a Sol manifold. 



Proof. According to the proposition ( 4.4 ) , we have 

Vol (Mi) = VoIm-s (Pi) , 
for every i E N. Since the function VoIm—h is continuous we also have 

lim Vol (Mi) = lim Vol M -T, (pi) = VoIm-t, (Poo) = 0. 

z— foo i— >oo 

As a consequence, the sequence Mi necessarily collapses. 



Recall that the convergence hypothesis implies the condition (1.1). The result is now a direct 
consequence of the Theorem ( 1.3 ). □ 
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Corollary 4.6. Denote by aij the cone angle of the component Ej in Mi. If M has zero simplicial 
volume and 

lim atj — 2ir j £ {1, . . . , k} , 

i— >oo 

then M is Seifert fibered or a Sol manifold. 

Proof. Since the cone angles converge to 2n, we have 

PooibAwtiM-S)) = 1 PSL 2 (C) , 

for all meridian /z of E. Then the representation 6 i? (M — E) factorizes to a representation 
V'oo € R(M). More specifically 

PoO V'oo ° 7 

where is the map induced by the inclusion i : M — E <—} M . Since the simplicial volume of M is 
zero, we have (see |Fraj ) 

Vol M (V'oo) = 

and then (Proposition 4.3) 

VoIm-T, (Poo) = VoIm-T. (V'oo ° «*) = Vol M (V'oo) = 0. 

The assertion follows from the preceding corollary. □ 
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